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We have studied the accuracy of statistical parameters of dose distributions in brachytherapy using
actual clinical implants. These include the mean, minimum and maximum dose values and the
variance of the dose distribution inside the PTV~planning target volume!, and on the surface of the
PTV. These properties have been studied as a function of the number of uniformly distributed
sampling points. These parameters, or the variants of these parameters, are used directly or indi-
rectly in optimization procedures or for a description of the dose distribution. The accurate deter-
mination of these parameters depends on the sampling point distribution from which they have been
obtained. Some optimization methods ignore catheters and critical structures surrounded by the
PTV or alternatively consider as surface dose points only those on the contour lines of the PTV.
Dmin and Dmax are extreme dose values which are either on the PTV surface or within the PTV.
They must be avoided for specification and optimization purposes in brachytherapy. UsingDmean

and the variance ofD which we have shown to be stable parameters, achieves a more reliable
description of the dose distribution on the PTV surface and within the PTV volume than doesDmin

andDmax. Generation of dose points on the real surface of the PTV is obligatory and the consid-
eration of catheter volumes results in a realistic description of anatomical dose distributions.
© 2000 American Association of Physicists in Medicine.@S0094-2405~00!01105-6#
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I. INTRODUCTION

In contrast to external beam radiotherapy dose distributio
those in brachytherapy are significantly more nonunifor
For external beam radiotherapy a few hundred samp
points can achieve an accuracy of 5%.1,2 This is not true for
brachytherapy. To date, no systematic studies exist for
accuracy of the statistical parameters of the brachyther
dose distribution. Brachytherapy treatment planning syste
in addition to DVHs~dose-volume histograms! also give sta-
tistical parameters of the dose distribution, including t
minimum and maximum dose values inside the PTV.

Sampling of dose points, both for deriving the geome
cal limits of the PTV and critical structures; and for using
points to specify the dose distribution, must play a cen
role in the optimization procedures for modern imagi
based brachytherapy.
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Real 3D ~three-dimensional! anatomy based multiobjec
tive dose optimization methods3 requires the iterative calcu
lation of dose-volume histograms~DVH! for the planning
target volume~PTV!, body sections and critical structure
and the dose distribution on the surface of the PTV. T
DVHs are usually calculated by sampling the dose distri
tion of a large number (.105) of uniformly distributed ran-
dom points inside the PTV, and within critical structure
Other single cost function optimization algorithms inclu
those with constraints which are related to the dose distr
tion, to the PTV, and to critical structures. The latest me
ods use sets of points distributed on the PTV surface~that is,
actually on the target contours!, inside the PTV volume and
within the critical structures. Classical treatment planni
optimization includes statistical parameters such asDmin ,
Dmean, and Dmax and the variance, or variants of thes
parameters4–8 whereDmean is used indirectly.3
1034Õ1034Õ13Õ$17.00 © 2000 Am. Assoc. Phys. Med.
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1035 Lahanas et al. : Generation of uniformly distributed dose points 1035
In some cases, such as the prostate, a critical structur
this example the urethra, is surrounded by the PTV volu
giving a PTV that is not continuously filling the anatomic
volume enclosed by the PTV outer contours. In such ca
points generated inside the 3D PTV contour surface mus
ignored if they are within any critical structure. In additio
any points inside the PTV, critical structures and any tis
volume, which are also inside the catheters, should be
nored. These constraints are not incorporated within any
rent brachytherapy software.

The constraints are implemented by avoidance of po
closer than a given distance to the catheters, which is de
mined by the outer radius of the catheters. It could also b
clinical decision to ignore small volumes adjacent to t
catheters by specifying an additional margin to the phys
catheter outer radius.

The main aim of some dose optimization algorithms
that a defined isodose surface should ideally conform to
shape of the PTV. Usually this shape is described by a se
sampling points and the algorithms try to minimize the va
ance of the dose values at these dose points. To accur
describe the 3D shape of the PTV surface, the samp
points have to be uniformly distributed on its surface. Ho
ever, some methods which are based on the estimation o
minimum peripheral dose~MPD! or the equivalent of the
minimum target dose~MTD!,9 and which use dose point
distributed on the PTV contours as a representation of the
PTV surface, could give biased results, since they do
obviously cover the whole PTV.

Points inside the PTV and critical structures are used
the calculation of the volume which is required for the no
malization of the DVHs, and this can be achieved with
high accuracy by a simple Monte Carlo integration tec
nique. Due to the high dose gradients, many more samp
points are generally required in brachytherapy for the ac
rate calculation of DVHs than in external beam radiothera

We present in this paper a number of new algorithms
the efficient generation of dose points which are uniform
distributed on the surface of the PTV; firstly within the PT
and also within organs at risk or other tissues of inter
where the constraints relate to catheter location and diam
The 3D anatomical volumes are represented by sets of cr
sectional contours. The results of implementation of th
algorithms in a range of clinical implant situations are p
sented and discussed, and the benefits of the new algori
are described.

II. METHODS

In this section a method is presented which genera
sampling points inside a triangulated surface of the PTV
other objects. This includes the exclusion of volumes ins
sources or catheters. Additionally a method is presen
which generates sampling points on the whole surface of
PTV.
Medical Physics, Vol. 27, No. 5, May 2000
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A. Points within a volume

We assume that every volume is represented by pla
contours which are obtained from parallel cross-sectional
ages using either CT~computed tomography! or MRI ~mag-
netic resonance imaging!. We also assume that when usin
the planar contours of a volume, its surface is represente
triangles using triangulation procedures such as describe
Fuchset al.10 or Boissonnatet al.11 The triangulation is as-
sumed to cover the whole surface, including the surface
both ends of the object.

The catheters are considered as a special categor
nonanatomical 3D objects and are defined as a list
catheter describing pointsin 3D space as described by Tsa
patouroset al.12 and by the catheter outer radius with
without an additional clinical margin. For catheters with
typical very small outer radius of 1 to 2 mm, the triangul
tion is not a suitable method for reconstruction of the volu
surface. Because of their typical cylindrical geometry t
surface and the volume encompassed by the catheters i
termined analytically.

The verification procedure consists of determini
whether a point is inside the volume as described by
planar contours and its triangulated surface. The basic pa
this procedure is essentially reduced to a 2D verification
whether a point is inside a given contour on a given plan

1. Test of if a point is within a 2D contour

We consider a 2D contour as a closed polygon made u
N vertices (xi ,yi) i ,P1,...,N. There are several method
which can prove if a pointP5(xp ,yp) is within such a poly-
gon but the most efficient method is the topology-bas
method. In order to determine if a pointP is inside the poly-
gon we consider a horizontal ray emanating fromP towards
the right, see Fig. 1.

We count the number of intersections of a ray with
edges of the polygon. If the number of edges of the polyg
intersected by the ray is even then the pointP is outside the

FIG. 1. Schematic diagram illustrating a generalized pointP in relation to a
2D cross section through a polygon~a! with and~b! without a critical struc-
ture inside the cross section. The number of intersections is shown for
point.
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1036 Lahanas et al. : Generation of uniformly distributed dose points 1036
polygon, and if the number of intersections is odd then
point P lies inside the polygon. This is a consequence of
Jordan curve theorem in topology and a proof is given
Courantet al.13 There are some special cases when a
passes exactly through a vertex. These situations can be
sidered using tie breaking rules or by a method such as
scribed by Edelsbrunneret al.14

2. Test of if a point is within a volume

We have to determine whether a point is inside or outs
a volume. The previously mentioned 2D algorithm for a t
of a point inside a polygon can be extended to a test fo
point inside a polyhedron. Due to the very high number
triangles, that is facets of the polyhedron, such a met
would be computationally very inefficient. For this reas
we use the following procedure to check if a pointP with
coordinates (xp ,yp ,zp) is inside the triangulated surface of
volume. We assume that the planar contours of the volu
are parallel to thez axis and in the range@zmin ,zmax#. We test
if the point is inside the bounding box described by the c
tours. If the result is positive then the point is between t
image planes containing these contours:zpP@zbefore,zafter#.

In cases where the point under consideration lies o
plane containing the contour, we set the default aszbefore

5zafter5zp . We then test if the point is in the plane atz
5zbefore. If the result is positive we test if it is inside th
corresponding 2D contour. Otherwise,zpÞzbefore, we test
the projections of the point on the cross-sectional plane
zbefore and zafter relative to the volume contours in thes
planes.

If the projections of the point are inside both planes th
the point is considered to be inside the volume, or if they
outside both planes then the point is considered to be out
the volume. If this is not the case which is relatively ra
then the object contour atz5zp is calculated by interpolating
between the object contours atz5zbeforeandz5zafter and in a
further procedure, it is verified whether the point is inside
outside the interpolated contour. This contour is obtain
from the intersection points of the triangles of the triang
lated object surface and a plane perpendicular to thez axis at
z5zp , that is, through the point.15

An additional test is then necessary to avoid the poss
ity that the point is at the same time inside any other c
toured volume. An exception is the case when the volu
under consideration is what we termthe body. This includes
the PTV, normal tissue and critical structures.3

If this test succeeds, a final test is required to verify if t
point is outside any of the catheters. If this result is positi
then the point is finally considered to be inside the volume
interest. The flowchart for our algorithm is given in Fig. 2

3. Test of if a point is outside a catheter

Various optimization methods require a knowledge of
average or maximum dose value that is within a given v
ume such as the PTV or various critical structures.7,8 If in
addition the optimization objective is a homogenous d
distribution within the PTV,5 then the variance of the dos
Medical Physics, Vol. 27, No. 5, May 2000
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value distribution inside PTV has to be minimized. There
always a problem if dose points are produced within
catheter volumes which result in very short distances fr
the sources or even lying exactly at sources positions.
dose values at these points are very high and depend on
dwell weights assigned to the source dwell positions. Th
very high dose values cause wide fluctuations in the m
and maximum dose values and the correspondingx2 values.
These fluctuations must be reduced as much as possible

This could theoretically be avoided by using a spec
cut-off maximum dose value. The disadvantages of suc
method is that in the iterative process it is not known wh
parts of a volume are excluded in the optimization proc
and that the cut-off value is an arbitrary value. Anoth
method of avoiding the numerical difficulties due to the pre

FIG. 2. Flow chart of the algorithm for the generation of dose points ins
a volume.
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1037 Lahanas et al. : Generation of uniformly distributed dose points 1037
ence of singularities is the use of theharmonic peripheral
dose~HPD! proposed by Yu.16

Both these methods deal with a problem in a man
which is not logical with regard to clinical practice. It make
no sense to calculate doses within a radioactive sourc
within catheters since this are nontissue volumes. A m
logical approach is the exclusion of dose points lying ins
the source or the catheters. Because of this we have to te
a point is outside a catheter.

We assume that catheters are curved cylinders which
be approximated by cylindrical segments connecting sequ
tial catheter describing points12 and spheres centered at th
nodes: These are catheter describing points belonging to
sequential segments, see Fig. 3~a!. Given the outer radiusRc

of a catheter, points closer thanR5Rc from every catheter
segment and node must be excluded. In order to test
point is inside a catheter we calculate the minimum dista
between the point and any catheter segment. If it is sma
than R then this point is inside the catheter and has to
excluded.

The clinicalmarginDR specified by the physician, can b
expressed as an additional shell surrounding the cathete
sulting in a corresponding increase of the effective cath
outer radius increasing this toR whereR5Rc1DR . For the
catheter types~microSelectron HDR, Nucletron B.V., Veen
dendaal, The Netherlands! we use clinically, there is a dis
tance of 5–10 mm between the catheter tip and the
possible source dwell position within the catheter, depend
on catheter type. Knowing that the first catheter describ
point is adjusted to describe the catheter tip there is no n

FIG. 3. ~a! Schematic diagram of the parameters required to test if a poin
inside a catheter with an outer radiusRc and marginDR . ~b! Schematic
diagram of a bounding box. This is shown only for a single catheter bu
practice the box would include all catheters.
Medical Physics, Vol. 27, No. 5, May 2000
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for our catheters to define an additional margin to the tip
the catheters.

Firstly, verification is carried out to determine if a dos
point P is within any of the spheres centered at the cathe
nodes, Fig. 3~a!. If this is the case, then the point is inside th
catheter: Otherwise the following procedure for the cylind
cal segments is initialized.

Given that the equation of the line for a catheter segm
through the sequential catheter describing pointsr i andr i 11

is:

r ~u!5r i1u~r i 112r i !, ~1!

then the minimum distance of a dose pointP at r p and the
segment is at the pointr (umin) wherer p2r (umin) is perpen-
dicular to the segment, Fig. 3~a!. Therefore using Eqs.~1!
and ~2! we obtain for the pointr (umin)

~r i 112r i !•~r p2r ~umin!!50, ~2!

umin5~r p2r i !•~r i 112r i !/dist~r i ,r i 11!2, ~3!

where dist(r i ,r i 11) is the Euclidean distance betweenr i and
r i 11 . If umin¹@0,1# then the pointr (umin) is not on the seg-
ment betweenr i andr i 11 but on one of its extensions andr p

is considered to be outside this segment. IfuminP@0,1# then
we calculate the distance of the pointr p and the line segmen
dist(r p ,r (umin)). If dist(r p ,r (umin)),R then the point is con-
sidered to be inside the catheter and a test for the other
ments is omitted.

The length of each catheter segment dist(r i ,r i 11) is the
most computational time consuming operation in Eq.~3!
and, therefore, is calculated only once in a pre-process
step and the value of 1/dist(r i ,r i 11)2 is stored.

It is not necessary to calculate for every dose point
distance from all catheter segments. The calculation pro
dure can be minimized by incorporating in the algorithm t
coordinates which define the limits of the catheter segme
and extending these limits by a distance byR in each direc-
tion: This defines what we term thebounding box. A test is
then necessary to determine whether any dose points
within this bounding box. If they are outside the box th
they are obviously not within a catheter. If they are with
the box then it must be verified that they are not within
catheter, Fig. 3~b!. Using this algorithm, which is not com
plicated, the test inside a catheter requires only a few s
onds for 100 000 sampling points.

4. Generation of points within a volume

Using the previously described algorithms we can gen
ate sampling points inside an object. We produce points
side the bounding box of the object and test using our al
rithm if they are inside the volume. The sampling poin
inside a volume are generated using triplets of Sobol
quences. These are known as quasi-random sequences~QR!:
Deterministic low discrepancy sequences LDS, which fill t
3D space more uniformly than uncorrelated random poin
We use the Numerical Recipes Routinesobseqwhich pro-
duces Sobol sequences.17 Obtaining these sequences does n
significantly lengthen the computing time compared with

is

n
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1038 Lahanas et al. : Generation of uniformly distributed dose points 1038
time to produce the same number of pseudorandomly dis
uted sampling points using standard routines. It is a
known that Monte Carlo integration using QR converg
faster than using pseudorandom distributed samp
points.1,2,17

The use of an aligned minimum bounding rectangu
box18 of the volume can further increase the speed of
generation of points inside the object. The production
points inside the minimum bounding box will increase t
efficiency of the procedure by reducing the probability
generating points outside the object. This effect becom
very significant if the main axes of the object are not align
with the coordinate system in use.

B. Points on the surface of a volume

Some dose optimization methods use points on the
face of PTV and optimize the dose distribution by requiri
that a given isodose surface should ideally conform to
shape of the PTV. For these methods several disadvant
can occur as follows. Dose points are considered to be e
distant only on the contour lines of PTV,4,5 see Figs. 4~a! and
4~b!.

No dose points exist which are lying at the superior a
inferior ends of the PTV. If the points are limited to th
contours then increasing their number will not significan
improve the accuracy of the calculated dose distribution
the surface, even if there is convergence to some values
the variance of the mean, for the minimum and for the ma
mum dose values. This does not necessarily represen
true dose values on the whole surface of the PTV. The l
of dose points on the major part of the surface of the P
and the restriction of dose points on its contour lines i
severe limitation if the quality of the optimization relies o
the variance on the surface dose distribution. If the dista
between the contours is large and there is a signific
change in the shape and size of the contours from plan
plane, then the dose distribution derived from the dose po
on the contour lines inaccurately represents the true d
distribution on the surface.

One approach is to use sampling points on interpola
contours. However, this method is computationally comp
and requires the calculation of new contours if one wants
increase the number of sampling points on the surface of
PTV. A different method has to be used to fill the two en
of the PTV with sampling points.

There is in the current literature in general no analy
method known for producing uniformly distributed points o
the surface of an object as for example in the special cas
a spherical object where points uniformly distributed on
surface of the sphere can be produced by the following
gorithm.

Choose a random numbers uniformly distributed in
@21,1# and a random numberf uniformly distributed in@0,
2p#. Thex, y andz coordinates of the point are given by:
Medical Physics, Vol. 27, No. 5, May 2000
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x5r •A12s2
•cos~f!,

y5r •A12s2
•sin~f!,

z5r •s.

The principle underlying this algorithm is that for
sphere of radiusr, the area of a zone of widthh is always
2prh, regardless of where the sphere is sliced. Therefo
the z coordinates of random points on a sphere are dist
uted uniformly. Points obtained by using this algorithm a
then uniformly distributed on the surface of the sphere.

We have developed a simple method to generate po
randomly and homogeneously distributed on the entire s

FIG. 4. Dose points produced equally spaced~a! on the contour lines and~b!
on the surface of PTV for the cervix implant. The total number of points
the same in both cases. The dose points on the surface of the PTV have
produced using barycentric triangle coordinates and the Stochastic Univ
Sampling~SUS! algorithm.
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1039 Lahanas et al. : Generation of uniformly distributed dose points 1039
face of a volume described by contours. A triangulation
the volume is assumed.

1. Generation of points on the surface of the PTV

We assume that the surface of the PTV is approxima
by a triangulation of the contours describing the PTV w
the triangles of the PTV surface forming a polyhedron. T
logical idea to produce uniformly distributed points on t
unfolded surface of this polyhedron and then to fold it ba
with the distributed points is in general not possible. Fo
convex polyhedronP with e edges andf faces unfolding ofP
is defined as a planar cell complex obtained from the bou
ary complex ofP by cuttinge-( f 11) edges ofP and bend-
ing it along the remaining edges,19 Fig. 5~a!.

There is no method known for unfolding non-convex o
jects and even for very simple convex polyhedra there
possibility that the unfolding produces a self-overlappi
planar complex,19 Fig. 5~b!. In order to overcome this limi-
tation, we have developed a method which replaces the
plicit folding described by a surface mapping method, t
could be considered as an indirect folding procedure,
which can be applied for any type of 3D objects and s
faces.

Our method assumes that the surface of the object is
angulated. Triangles of the surface are then selected w
probability proportional to their area. Then uniformly distri
uted random points are produced inside the selected trian

If v1 , v2 , andv3 are the three vertices of a triangleT then
its areaA is given by

A50.5u~v22v1!3~v32v1!u.

FIG. 5. ~a! Dodecahedron and its unfolded surface.~b! A self-overlapping
unfolding of a polyhedron which is a truncated cube. The dodecahedron
the truncated cube have been obtained using a Mathematica notebo
Namiki and Fukuda~Ref. 19!.
Medical Physics, Vol. 27, No. 5, May 2000
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Our aim is to generate uniformly distributed points on t
object surface. Because of this the Stochastic remainder s
pling, that is,roulette wheel selection20 is not the appropriate
selection method because as already proved, this metho
biased for a low number of points.21 We decided to produce
a point on a surface using the Stochastic Universal Samp
Algorithm ~SUS!.21 We assign for each triangle obtained b
the triangulation of the PTV surface a sector on a cir
covering a fraction of the total circle area equal to the fra
tion of the PTV surface that is represented by the area of
triangle. On the periphery of the circleN equally distributed
markers are set, whereN is the number of points we want t
generate on the PTV surface. All the markers are rotated
the same random anglef on the circle periphery which will
guarantee that on the average each triangle is selected
the appropriate probability independently of the sample s
At the end the number of markers lying inside the differe
sectors corresponding to the available triangles is record
Figure 6 shows a schematic representation of the S
algorithm21 for a tetrahedron with four triangular facets. Th
length of the circumference of each sectorA(1)-A(4) is pro-
portional to area of each triangle. The number of mark
falling into each triangle is on average proportional to t
length of each sector corresponding to the triangle.

Thereafter in each triangle a number of randomly distr
uted points is generated equal to the number of recor
markers within the corresponding circle sector according
the following procedure.

If t1 , t2 , t3 are real numbersP@0,1# so that their sum is:
t11t21t351 then the point

P5t1•v11t2•v21t3•v3 , ~4!

lies on the plane of triangleT with the verticesv1 , v2 , and
v3 and is inside this triangle. The numbers (t1 ,t2 ,t3) are
called thebarycentric coordinatesof P with respect toT.
Any point P inside the triangle can be expressed uniquely
Eq. ~4!. In principle there are only two independent rando
numbers, the barycentric coordinatest1 andt2 , and these are

nd
of

FIG. 6. Example of the production of three dose points on the surface
tetrahedron with the SUS algorithm. We have four triangles and we se
the triangles using the three markers which are denoted by open circles
one times triangle 1 and two times triangle 3. Each time a triangle is sele
a random point is generated inside it.
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TABLE I. Characteristics of the five clinical implants.

Implant
site

PTV
~cm3!

PTV
surface
~cm2!

Number
of

catheters

Catheters
per
cm3

Number of
dwells

positions

Dwell
positions
per cm3

Number
of dose
points

Catheter
material

Neck 17.7 40.7 5 0.28 51 2.87 1481 plasti
Prostate 20.7 50.3 4 0.19 20 0.96 665 metal
Breast 123.1 142.4 10 0.08 219 1.78 1954 plast
Cervix 221.4 228.7 9 0.04 162 0.73 1404 metall
Rib 504.0 421.4 12 0.02 177 0.35 2838 plasti
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used to generate a random point inside a triangleT. The third
barycentric coordinatet3 is then calculated byt3512t1

2t2 . If t11t2.1, then t1 is replaced by 12t1 and t2 by
12t2 . Using Eq. ~4! we then obtain the random pointP
insideT.

Points generated inside a triangle with this method
uniformly distributed. Since the triangles are selected wit
probability proportional to their area the points on the tria
gulated surface will also be uniformly distributed, Fig. 4~b!.
As in the case of the volume, we also have for a surface
the points which are generated are accepted only if they
not inside catheters or inside structures.

III. MATERIAL

The material used in this study are five real clinical im
plants and not theoretically devised examples. They re
sent a typical clinical range of PTVs from,20 cm3 to .500
cm3, of 4–12 catheters and of 20 to.200 dwell positions,
see Table I.

A. Neck implant

This example is a small volume lymph node implant
the neck with a PTV volume of 17.7 cm3. The 3D PTV
contours and the source dwell positions within the cathe
are shown in Fig. 7.

FIG. 7. 3D contour lines of the PTV with the source dwell positions with
the five flexible plastic catheters of the head and neck implant. The ac
dwell positions inside the PTV which have been selected for the treatm
planning are of a minimum distance of 5 mm from its surface.
l. 27, No. 5, May 2000
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B. Prostate implant

This example is a prostate implant made with a PTV v
ume of 20.7 cm3. The 3D PTV contours and the source dwe
positions within the catheters are shown in Fig. 8.

C. Breast implant

This example is a breast implant made with a PTV v
ume of 123.1 cm3. The 3D PTV contours and the sourc
dwell positions within the catheters are shown in Fig. 9.

D. Cervix implant

This example is a cervix implant made with a PTV vo
ume of 221.4 cm3. The 3D PTV contours and the sourc
dwell positions within the catheters are shown in Fig. 10,
also Fig. 4.

E. Rib implant

This example is a rib implant made with a PTV volume
504 cm3. The 3D PTV contours and the source dwell po
tions within the catheters are shown in Fig. 11.

IV. RESULTS

A. Dose points on the PTV surface

Our study has involved calculating the dose on the P
surface using only dose points on the PTV contours and t
using only dose points on the PTV surface. A comparison
these results is made with a reference which is the nor

e
ntFIG. 8. 3D contour lines of the PTV for the prostate implant including t
urethra as a critical structure.
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1041 Lahanas et al. : Generation of uniformly distributed dose points 1041
method in clinical practice. This has enabled us to assess
accuracy of normal practice. The dose distribution is cal
lated assuming a 1/r 2 dependence and ignoring any spat
anisotropy such as attenuation and any scattering effect.
is a reasonable approximation for this study.

We studied a high density of dose points per contour li
4–10 points per cm, which were distributed uniformly on t
PTV contour lines, see Figs. 7–11. The number of d
points used was in the range 665–2838, see Table I.
applied adose points onlyoptimization method and obtaine
a set of dwell position weights. Then we normalized the
weights so that the average dose value on the PTV sur
was equal to unity.

We choosedose points onlyoptimization to estimate the
dwell weights in order to be able to consider the case wh
the dose points have a maximum influence on the resul
that we can achieve the best homogeneous dose distrib
on the PTV surface.

The number of dose points uniformly distributed on t
PTV contours or on the triangulated PTV surface accord
to our method were varied from 50 to 50 000 and cor
sponded to surface densities of dose points in the range
1200 points/cm2.

The observed minimum dose valueDmin , maximum dose
valueDmax, mean dose valueDmean and varianceVD based
on the dose points generated by the classical contour b
method ~CB! using PTV contours and by our 3D surfac
based method~SB! on the PTV surface triangulation ar
shown in Figs. 12 and 13.

FIG. 9. 3D contour lines of the PTV for the breast implant.

FIG. 10. 3D contour lines of the PTV for the cervix implant.
Medical Physics, Vol. 27, No. 5, May 2000
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The parameters we used were selected to be repres
tive of the dose distribution on the PTV surface. In o
method we have taken into account the outer diameter of
metallic needles and flexible plastic catheters.

Table II gives the results of our comparison between
CB method with our new SB method, from which it is se
that the best agreement is achieved withDmin but there can
be wide discrepancies between the two methods forDmax,
Dmean, andVD .

Figure 14 shows the dependence of~a! Dmin , ~b! Dmax,
~c! Dmean, and~d! VD , calculated using our new SB metho
on the density of sampling points for all five clinical im
plants. The results are normalized to the maximum surf
dose point density. An accurate description of the true d
distribution on the PTV surface using our SB method can
achieved as follows. ForDmin a surface dose point densit
.100/cm2, for Dmax.50/cm2, for Dmean.5/cm2 and forVD

.100/cm2.
Figure 15 shows, using the breast implant as a repre

tative example, PTV5123.1 cm3, thatDmin is very sensitive
to user errors in mouse digitization and, therefore, great c
should be taken in clinical practice ifDmin is to be used for
dose prescription purposes. Indeed, in our opinionDmin

should not be used.

B. Catheters volumes

The following results have been obtained for the cer
implant using the optimization results, the dwell weigh
obtained as previously described. We have calculatedDmin ,
Dmax, Dmean, and VD within the PTV as a function of the
number of sampling points inside the PTV, and the ou
radius of the catheters. Our results are shown in Fig. 16

As expected,Dmin is the same for all cases. The behavi
of Dmin can be explained by the characteristic property of
quasi-random sequences, where successive points at
stageknow how to fill in the gapsin the previously generated
distribution. Therefore, by increasing the number of sa
pling points one of the sampling points will come closer
the minimum than does a sampling point in the previo
case. But even for a dose point density of 500 points/c3

FIG. 11. 3D contour lines of the PTV for a rib metastases implant.
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FIG. 12. Comparison for the prostate implant between results of the classical contour based method~CB! and of our new surface based method~SB! for ~a!
Dmin , ~b! Dmax, ~c! Dmean, and~d! varianceVD . The results are normalized.
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corresponding to a mean grid size of 1.3 mm31.3 mm31.3
mm we can not be sure that the true minimum has b
found, Fig. 16~a!.

The same behavior is observed forDmax in the PTV, Fig.
16~b!, although the sudden increase ofDmax now depends on
R. For R50 mm there is no limitation on theDmax, whereas
for R51 mm andR52 mm, Dmax is reached after 20 000
sampling points. This corresponds to a volume dose p
density of 90 points/cm3 which is a grid size of 2.2 mm32.2
mm32.2 mm.

For Dmean inside the PTV, Fig. 16~c! and for R51 mm
andR52 mm, a smooth convergence to a limit is observ
Dmeanfor R50 mm changes much more with the number
dose points and it increases suddenly when a new maxim
dose value is reached.Dmeanfor R51 mm reaches a limit a
a density of 150 points/cm3 which is a grid size of 1.9 mm
31.9 mm31.9 mm. ForR52 mm this limit is reached at a
density of 30 points/cm3 which is a grid size of 3.2 mm33.2
mm33.2 mm.

For R50 mm even at a density of 500 points/cm3 which
is a grid size of 1.3 mm31.3 mm31.3 mm, no convergenc
is observed.Dmean for R51 mm andR52 mm lies within
5% of the convergence limit at a density of;20 points/cm3

which is a grid size of 3.7 mm33.7 mm33.7 mm.
The variance of the dose values inside the PTV,VD , is

the quantity which is minimized in some dose optimizati
methods which attempt to reduce the dose inhomogeneit
the PTV. Whereas forR51 mm andR52 mm even with a
Medical Physics, Vol. 27, No. 5, May 2000
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small number of sampling points a good approximation
the true dose variance is observed, forR50 mm this quantity
fluctuates in a similar way asDmean. VD for R51 mm lies
within 5% of the convergence limit at a density of;90
points/cm3. For R52 mm this is the case for a density of 5
points/cm3 which is a grid size of 2.7 mm32.7 mm32.7
mm. ForR50 mm even with a density of 500 points/cm3 no
convergence is observed.

Our study shows that the rejection of dose points ins
the catheters not only results in realistic dose distributio
inside the PTV but in addition it reduces bias and numeri
instabilities produced by dose points inside catheters.

In Table III the PTV volume is given for the five implant
for the cases~a! where catheter volume inside the PTV
included,~b! where catheter volume (R51 mm) is excluded,
and~c! where catheter volume and an additional margin o
mm (R52 mm) is excluded. For the clinical implants con
sidered in our study the excluded volumes forR52 mm are
between 2% and 12%. This effect cannot be ignored in
3D treatment planning procedure.

V. DISCUSSION AND CONCLUSIONS

Methods of producing dose points based on anatom
3D information have been presented. The generation of d
points uniformly distributed on the surface of the PTV a
not on the contours only, has shown that in general, m
accurateDmean, Dmin , andDmax dose values on the surfac
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FIG. 13. Comparison for the cervix implant between results of the classical contour based method~CB! and of our new surface based method~SB! for ~a!
Dmin , ~b! Dmax, ~c! Dmean, and~d! varianceVD . The results are normalized.
or

ed
te
m

th

e

f
t
th
th

m
ese
SB
on-
the

get

n-
an

r a
in
of

In
r
ig.
ig-

B
t the
the

ed,

state
rec-
n.

f
d

of the PTV can be obtained. An improvement in the perf
mance of the optimization methods which useVD or other
dose value parameters on the PTV surface can be expect
the future. These algorithms are relatively uncomplica
and require only a few additional seconds of computing ti
if the correct preprocessing has been made.

The dose distribution on the PTV surface,Dmean, Dmin ,
Dmax, andVD for the whole surface are less biased than
corresponding values obtained using dose points limited
the contours of the PTV.

The Dmin values of the CB method show a good agre
ment with our SB method. The slow convergence ofDmin for
the SB method suggests that the CB method is superior
the determination ofDmin . This can be explained by the fac
that some of the sampling points on the contours are on
convex hull of the surface and therefore their distance to

TABLE II. Differences between the dose parameters on the PTV surface
the classical contour based method~CB! and our new surface based metho
~SB!.

Implant
site

Dmin

~%!
Dmax

~%!
Dmean

~%!
VD

~%!

Neck 0.4 28.9 1.9 8.0
Prostate 0.5 35.0 9.4 56.1
Breast 1.4 1.0 0.1 8.6
Cervix 1.2 104.9 8.4 356.4
Rib 0.6 2.7 0.0 1.7
Medical Physics, Vol. 27, No. 5, May 2000
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source dwell points is maximum. Therefore, the minimu
dose value is usually observed on one or more of th
points. We could include these sampling points in the
method but this would not eliminate problems such as c
touring errors or source position inaccuracy which affects
Dmin value more than it affectsDmean.

The concepts of dose prescription at the minimum tar
dose level~MTD! or minimum peripheral dose~MPD! are
very sensitive for even small inaccuracies in the PTV co
touring process. This is demonstrated in Fig. 15 where
error by the user in the mouse digitization process fo
single contour point is simulated. Even an error of 3 mm
one contour line point results for this implant in a change
theDmin of 13%, Fig. 15~a!. A pixel size of typically 0.5–1.0
mm corresponds to an error of 3–6 pixels in the image.
contrast, the estimatedDmean shows for a single contou
point an error of 10 mm which is of less than 0.5%, F
15~b!. This indicates that such user entry errors do not s
nificantly affect the value ofDmean. We have intentionally
used an example of current clinical practice with the C
method as a demonstration. Figures 12 and 13 show tha
same results are obtained using the SB method as with
CB method.

In addition to the problems which have been describ
Yan Yu et al.22 have reported thatDmin is very sensitive to
the accuracy of the placement of seeds in permanent pro
implants. Because of these results we, therefore, do not
ommend thatDmin is used to describe the dose distributio

or
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FIG. 14. Dependence of~a! Dmin , ~b! Dmax, ~c! Dmean, and~d! VD calculated using the surface based method, on the density of sampling points for a
clinical implants. The results are normalized to the maximum surface dose point density.
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On the other hand, the most stable behavior is dem
strated byDmean when it is estimated on the true surface
the PTV. An accuracy of better than 1% is already achie
by surface dose point densities above 5 points/cm2, see Fig.
14~c!. Even ifVD convergences to a limit when the density
above 100 points/cm2, both these parameters,DmeanandVD ,
are from our study the optimum choice to document the d
in 3D-based treatment planning for brachytherapy.3,23 Our
study also shows that single extreme values such asDmin and
Dmax are not appropriate to document or specify brac
therapy treatments.

For a comparison of the SB and CB methods we selec
using our autoactivation algorithm,15 only those sources
which are at least 5 mm below the surface of the PTV. Wi
out this constraint the differences betweenDmean, Dmax, and
Vd for the SB and CB methods are even larger, poss
because some of the source dwells could be closer to
surface. This demonstrates that the SB method yields m
accurate descriptions of the dose distribution on the sur
of the PTV than the CB method.

The consideration of the catheter volumes and so the
clusion of sampling points inside the catheters removes
problems encountered by very high dose values from s
pling points inside the catheters and leads to true anatom
dose distributions.

Our results for sampling densities within the PTV r
quired for an acceptable accuracy, demonstrate that in
trast to the results for an optimum grid for external be
dose studies,1,2 where grid sizes of 5 mm35 mm35 mm, are
Medical Physics, Vol. 27, No. 5, May 2000
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n-FIG. 15. Influence of mouse digitization error for a single PTV contour po
for the breast implant.~a! Dmin and~b! DmeanandVD of the dose distribution
calculated on the PTV surface using dose points only on contour lines.
values are normalized for cases without any digitization error.
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FIG. 16. Influence of the sampling size and sampling density for the dose points and of the catheter outer radiusR on the calculated dose distribution insid
the PTV for the cervix implant.~a! Dmin , ~b! Dmax, ~c! Dmean, and~d! VD . Three cases for the radiusR are considered.
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reasonable. In brachytherapy, grid sizes of 1 mm31 mm31
mm can be required.

The analysis of the dose distributions within the PTVs
consistent with the results obtained for the PTV surface
thatDmin andDmax should not be used for dose optimizatio
purposes.6,8,24 Only Dmean and VD can be calculated with
sufficient accuracy for dose optimization, whereDmean is
usually indirectly used. These are the only two reliable
rameters and we recommend that they are used in optim
tion procedures.

Current anatomy based optimization techniques are ba
on DVHs for PTV and normal tissues.3 DVHs are usually
calculated from sampling points randomly distributed
from sampling points forming a regular grid. Random sa
pling points are preferentially used due to the problem tha
the points are distributed on a regular grid then it is n
possible to increase their number, i.e., reduce the grid s
Medical Physics, Vol. 27, No. 5, May 2000
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without the need to re-compute the DVHs. Uniformly ra
dom distributed points have the disadvantage of produc
voids and clusters.

The use of deterministiclow-discrepancy sequence
~LDS!, known as quasi-random sequences, avoids
problem.17 An important property is that they are spread o
in a self-avoiding more uniformly distributed way. Sinc
points from LDS do not use wasteful samples due to clus
and voids produced by uncorrelated random points, sign
cantly fewer sampling points can be used in the Monte Ca
integration techniques using LDS instead of pseu
randomly distributed points.1,2 Even using LDS, large sam
pling densities are required to accurately describe DV
The current dose optimization algorithms in clinical practi
use 300–2000 dose points in the optimization process,3,4 oth-
erwise optimization time would require many hours.

However, it should be realized that an accurate desc
TABLE III. Calculated PTV volumes and surface areas.

Implant
site

PTV ~cm3!
(R50 mm)

PTV ~cm3!
(R51 mm)

PTV ~cm3!
(R52 mm)

Surface~cm2!
(R50 mm)

Surface~cm2!
(R51 mm)

Surface~cm2!
(R52 mm)

Neck 18.3 17.7 16.1 40.7 40.2 38.9
Prostate 21.0 20.7 19.9 50.3 49.7 48.2
Breast 125.1 123.1 117.2 142.4 141.6 139.4
Cervix 223.5 221.4 215.1 228.7 228.3 226.7
Rib 507.2 504.0 494.7 421.4 420.5 417.6
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tion of the dose distribution requires of the order of 105 dose
points. This is a computing time problem not only for th
current algorithms but also for our multiobjective gene
optimization algorithm MOGA.3 which uses 105 dose points
and is based on the optimization of the COIN distributi
and the DVHs.3 A significant reduction of the sampling den
sity has to be achieved because of these time constraints
therefore, an optimum distribution of dose points must
determined. The sampling points must be distributed non
formly and adapted to the implant geometry and to
source dwell positions. However, there is a possible met
of overcoming this time constraint problem using nonu
form distributed sampling points, but this has not been
studied by any group.
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