Optimized bounding boxes for three-dimensional treatment planning
in brachytherapy

[. INTRODUCTION

The aim of this work was the development of an algorithm
for the approximation of the minimum bounding box of a
three-dimensional object defined by a set of points. These
points can be points of contours which describe objects such
as organs. Normally the bounding box used is defined by the
extreme coordinate values of the points with respect to someg)
given global coordinate system. As objects in general are not
aligned the bounding box can be very large compared to the
dimensions of the object, see Fig. 1. It is, therefore, useful to
align the bounding box so that it encloses all the points but
the volume is minimized. We call this bounding bax
minimum-volume bounding ba¢ minimum bounding box
An optimal oriented bounding box is an approximation of the
minimum bounding box obtained from an optimization pro-
cess. We present an optimization method for oriented bound-
ing boxes and discuss the application of optimal oriented
boxes in the field of brachytherapy.

Our anatomy based optimization method in the field of(4)
brachytherapyuses bounding boxes for a variety of reasons:

(1) For the efficient calculation of dose-volume histograms
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It is sometimes necessary to determine the optimal value for a direction dependent quantity. Using
a search technique based on Powell’'s quadratic convergent method such an optimal direction can be
approximated. The necessary geometric transformationsdimensional space are introduced. As

an example we consider the approximation of the minimum bounding box of a set of three-
dimensional points. Minimum bounding boxes can significantly improve accuracy and efficiency of
the calculations in modern brachytherapy treatment planning of the volumes of objects or the dose
distribution inside an object. A covariance matrix based approximation method for the minimum
bounding box is compared with the results of the search method. The benefits of the use of optimal
oriented bounding boxes in brachytherapy treatment planning systems are demonstrated and dis-
cussed. ©2000 American Association of Physicists in Medicii#0094-24080)02210-7
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methods’ the number of grid points inside an object has
to be maximized. If the axes of the grid are given by the
axes of the minimum bounding box of the object then
the number of grid points inside the objects is maximal
and this significantly increases the efficiency and accu-
racy of this method;

for the efficient determination of the volumes of objects
which take into account catheters, a simple hit or miss
Monte Carlo method with a large number of random
points (> 10°) inside the bounding box of each structure
(e.g., organsis produced. The ratio of the number of
points inside the structure to the number of points inside
the associated bounding box, which is maximal for mini-
mum bounding boxes, is equal to the ratio of the struc-
ture volume to the bounding box volume. From the
known bounding box volume, the volume of the struc-
ture is then calculated;

for the efficient calculation of DVHSs of critical structures
and the planning target volum@®TV) a stratified sam-
pling technique can be ustih which the regions also
known as strata are defined by either optimal oriented

(DVHSs) of anatomical structures obtained from sampling
points inside the three-dimensional triangulated objects
using the test routines described by Lahaegal? The

sampling points are required to be outside catheters an

bounding boxes or minimum enclosing spheres.

d The minimum bounding box of a set of points can cur-

critical structures but inside the object. The generatiod €Nty only be found3 with a deterministic algorithm which
time of sampling points can be reduced significantly us-éguires an order di operations foiN points. An optimum
ing optimal oriented bounding boxes of the object, theoriented bounding box with a given accuracy can be found

critical structures and catheters;

by a rather complicated systematic sedt&hr the minimum

for an optimal orientation of dose calculation grids for bounding sphere of a set of points very efficient algorithms
fast Fourier transform(FFT) based dose calculation are known’?®
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Minimum bounding rectangle

Y

J Original bounding rectangle

Fic. 2. A minimum bounding rectangle defined by six points using the
rotating calipers algorithm. A side of the convex hull of the points must be
collinear with one side of the minimum bounding rectangle, such as the side
2 to 3.

dimensional bounding box or minimum bounding rectangle,
the rotation calipers algorithm provides a solution WitiN)
operations. The algorithm for a minimum bounding rectangle
is based on a theorem proved by Freeman and Sh&pira:
“The minimum area rectangle enclosing a convex polyg§on
Fic. 1. Contours of a critical structurémyelon and the catheters of an has a side collinear with an edge of the polygon,” see Fig. 2.
implant showing the original bounding box and the optimized bounding box.The input is assumed to be a convex polygon whose vertices
are given in clockwise order. The following rotating caliper
algorithm determines the minimum bounding rectangle of

0

Our method uses a gradient based optimization procedur%1e polygon’
to search an optimal direction and orientation of the bound{1) Compute all four extreme points for the polygon;
ing box of a set of points using as a objective a minimum(2) construct four lines of support foP through all four
bounding box volume. This method can be used for other points. These determine two sets of “calipers.” Com-
problems which require the determination of a direction  pute the area of the rectangle determined by the four
which optimizes some quantity of interest. As an example, a lines, and keep as minimum;
problem in inverse planning in brachytherapy is the determi(3) rotate the lines clockwise until one of them coincides
nation of an optimal position and orientation of a template  with an edge of its polygon;
for catheter insertion where the quantity to be optimized(4) compute the area of the new rectangle, and compare it to
could be the cross-sectional area and volume covered by the the current minimum area;
template and accessible by the needles, taking into accour®) update the minimum if necessary, keeping track of the

critical structures. rectangle, determine the minimum;
(6) repeat steps 3-5 until all edges have been processed;
IIl. METHODS (7) output the minimum area enclosing rectangle.

We present the currently known algorithms for the calcu-
lation of two and three-dimensional minimum or optimum
oriented_ bounding ques. Thereafter our search basegl Algorithms for the minimum bounding box
method is presented with the relevant coordinate transforma-
tions. Finally we describe how oriented bounding boxes are A variant of Freeman’s theorem for rectangles exists also
defined and how they can be used in a brachytherapy plarfor three-dimensional bounding boxes: “A box of minimal
ning system. volume enclosing a convex polyhedron must have at least
two adjacent faces flush with edges of the polyhedrdn.”

The only exact algorithm due to O’Rourke for the calcu-

Various geometrical optimization algorithms exist manylation of a minimum bounding box of a three-dimensional
of them of orderO(N logN) complexity. Some algorithms, (3D) set of points is a rotating caliper variant in 3BThis
as for example the minimum enclosing sphere algorithm, caalgorithm require©(N?) operations for the determination of
give a solution forN points even inO(N) time.8 It is, a minimum bounding box foN points. The number of ver-
therefore, interesting that such an algorithm does not exidices of objects in medical applications described by contours
for the problem of a minimum bounding box. For the two- can exceed 1000 and, therefore, the number of operations

A. Algorithms for the minimum bounding rectangle
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required for the minimum bounding box is very large. Usingtriangulated surface is described in Appendix A. We &3l
the convex hull of the points can reduce this number, but nothe volume of the bounding box obtained by this approach.
always by a very significant amount. A third variant proposed by Gottschadk al. uses the co-
Recently two deterministic methods for an optimal ori- variance matrix obtained by the triangulated convex hull of
ented bounding box were presenfe@ine method requires of the points, see Appendix ofiéWe callV; the volume of the
the orderO(N+ 1/*% operations whereas the running time bounding box obtained by this approach. Which of these
of the other algorithm iSO(N logN+N/é€). If Bopt IS the  methods is better can only be determined experimentally. In
minimum bounding box and/(B,) its volume, then the Fig. 3 we see an example of the bounding boxes obtained by
algorithms can be used for the calculation of a bounding boxhese three variants for a rib implant.
B with a volumeV(B) so thatV(B) <(1+ €)V(B,,) Wheree
is the required accuracy. The first algorithm is claimed by its . . .
authors is to be difficult to implement. The second algorithmz' Bounding box using a search based optimization
which was tested by the authors is a exhaustive grid base'a]ethOd
search algorithm which requires the calculation of some We use another approach which overcomes the problems
properties of the set of points such as the convex hull andf the covariance based meth@M is easy to implement
some initial approximation of the minimum bounding box. and does not require the computation of geometrical quanti-
ties such as the convex hulls and a specified approximate
initial solution.
A more frequently used algorithm for the minimum  we use Powell’'s quadratic convergent optimization
bounding box of a set of points, uses the covariance matrixyethod for the search of an optimal oriented bounding box.
of these points. If; = (pix,Piy ,Piz) is theith point, then the  Other optimization methods which do not require gradients

1. Bounding box using the covariance matrix

centerC of the set ofN points is of the objective function could be used, such as simulated
1 N annealing but we decided to use Powell's method due to its
C==2>p, (1)  simplicity.
=1 We initialize the set of directiong; to the basis vectors
) . g . The goal of this optimization is to minimize the bounding
and the covariance matri is box volumeV obtained after rotation of the point set around
1 N an axis by some angle. Given a directioru the angle which
C= N izl (pi—c)(pi—©o)". (2 gives a minimum bounding volume along this direction can

be determined. The optimization goal is a set of angles
Large valued nondiagonal covariance matrix elements iri¢,6,a) which minimizeV(¢, 8,@). Vo, is the bounding box
a coordinate system reveal that the object is not aligned witholume obtained by this method.
the_coordinate_ sy_ster_n. Ina cpo_rdinate system where the €@ Searching an optimum of a direction dependent
variance matrix is diagonal it is expected that the corréquantity
sponding bounding box will be close to the minimum bound- ] o )
ing box. The eigenvectors of this matrix define the axes of We consider the problem of the determination of a direc-
the minimum bounding box and its dimensions. The eigenlion vectoru which optimizes some utility functiofi(u,...),
vectors can be obtained using the QL algorithm of Numericalvheref can depend on additional parameters some of which
Recipes’ A Householder transformation yields a tridiagonal @€ direction dependent. o
matrix T from C. SinceC is a real symmetric matrix a trans- A rotation in n-dimensional space leaves invarianna
formation exists so thal=QT- C- Q, whereQ is a orthogo- -2 c_j|m§n3|onal s_ubspa_lce. In two dlm_ens_lons an invariant is
nal matrix. The dimension of the bounding box along an axis? Point, in thre_e dimensional space a line is invariant after an
(eigenvectoris given by the extreme values of the projection &/bitrary rotation etc. If we assume that the-2 dimen-
of the points on the corresponding axis. sional invariant space can bg described by nhe2 basis
We call V; the volume of the bounding box obtained by VECtOrsey,....e,_, then a rotation around an angiecan be
the covariance matrix of the set of points. As the covariancélescribed by a matrix
matrix depends on the distribution of points there is not al- R(e, e,,....e,_»,a)=1+sin(a)-P+(1—coga))-P?
ways a strong correlation between the eigenvectors and the 3
main axes of the minimum bounding box such as in the case
when a significant number of points is located in a small partivhereP is a skew symmetric see Appendix B for details. In
of the space. Therefore, to overcome this problem variants dhree-dimensional space the invariant can be viewed as a
the covariance matrix based method have been proposed. Ifratation axisu=(u,,u,,u3). Using spherical coordinates
triangulation of its surface exists, then the covariance matrithis vectoru can be specified using the spherical angles
obtained using all the surface points can be used. This can le,6), i.e., u=(u;,U,,us)=[sin(f)cos(p),sin(f)sin(p),
achieved by replacing the summation over the contour pointsos()] and the utility functiorf depends on the three param-
in Eqg. (1) with an integration over all points of the triangu- eters(¢,6,«). Given a directioru the angle which optimizes
lated surface. The resulting center of mass and the covarthe utility function along this direction can be determined.
ance matrix elements obtained from the integration over th&Ve use Powell’'s quadratic convergent metRdthe search
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Fic. 4. Production of a poinP inside a oriented bounding box. The four
vectorsbgg, by, by, andb; are used to define a oriented bounding box
with respect to a global coordinate system with the unit basis veetors ,
ande;.

tion new directions specified by a grid of a specified size and
a given grid size are searched for a possible better solution. If
a better solution is found on one of these grid points, then the
search is repeated on a grid in a smaller part of space with a
smaller grid constant around the previously found minimum.
This process is repeated a few times.

D. Application of optimal oriented bounding boxes

1. Production of points inside the optimized
bounding box

Oriented bounding boxes are used to efficiently produce
points inside objects, but also they can be used to speed up
the generation of sampling points in objects used, e.g., for
the calculation of their volume using Monte Carlo methods.
The production of points inside the minimum bounding box
will increase the efficiency of the procedure by reducing the
probability of generating points outside the object. This ef-
fect becomes very significant if the main axes of the object
are not aligned with the coordinate system in use.

An optimal oriented bounding box is specified Iy, the
origin of the oriented bounding box with respect to the co-
ordinate system in use and the vecttss b,, b; which
define the main axes of the box, see Fig. 4. A pgoimside
this box can be generated by

p=borig+r1b1+r2b2+r3b3, (4)
r{, ro, rzef[0,1] can be either random or quasi-random
numbers.

Fic. 3. Optimum bounding box of a rib implant obtained by the covariancez' Testifa point is inside an opt/m/zed boundlng
matrix method.(a) using the contour pointgb) using the triangulated con- ox

vex hull, and(c) using the triangulated surface. In some cases, such as the prostate, a critical structure, in
this example the urethra, is surrounded by the PTV volume
giving a PTV that is not continuously filling the anatomical

in the @ direction actually is a search in c@svhich ensures volume enclosed by the PTV outer contours. In such cases,

that the angular space is uniformly searched. In order to epoints generated inside the 3D PTV contour surface must be

cape from local minima we introduced a grid search methodgnored if they are within any critical structure. In addition,

using a multiscale approach. From the current search posany points inside the PTV, critical structures and any tissue
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volume, which are also inside the catheters, should be ig-
nored. This can be done efficiently if oriented bounding 4 hs
boxes of the catheters and anatomical structures is used. The y
test of whether a point is inside an oriented bounding box g
can be made solving the linear equation system defined by

Eq. (4) using Cramer’s Rule with unknowns, r,, rs. If /',M "T,:
r{, ro, rse[0,1] then the point is inside the oriented bound- b,. | b, b
ing box. %—
e, e, 2
boﬂg, b,’ >

3. Expanding an optimum oriented bounding box

An expanded version of an optimum oriented bounding i
bO?( ,Can be used to cover the PTV. a.nd a surrounding regloﬂe. 5. A oriented bounding box expanded Iy, |,, andl 5 units of length
efficiently for anatomy based optimization methods whichin the direction specified respectively by, b,, andbs. The centers of the
define a region called “the body.” This is required for the original and expanded box are the same.
following:

(1) Production of sampling points using a stratified samplingthe anatomical structure can be small compared to the total
method for dose calculation in regions, where the re-number of grid points. If we orient the grid system so that the
gions are optimum oriented bounding boxes or minimumoriented bounding box volume in this system is minimal we
enclosing spheres; maximize the number of grid points which will be inside the

(2) for optimum oriented dose calculation grids which in- anatomical structure, see Fig. 6.
clude the PTV and surrounding tissue for FFT based The benefit of using an optimal oriented grid is shown in
methods for the calculation of the dose distribufibor  Fig. 7 for the distribution of the shifts of the sources to the
other methods which require the dose to be known ortlosest grid points using the original grid and an optimal
grid points such as for isodose drawing algorithms. oriented dose calculation grid. Not only the width but also

the mean shift has been reduced. An additional benefit is an

If 1p1, lb2, Ips is the required offset of the expanded orientedincrease of the number of grid points inside the PTV for a

bounding box in each direction the corresponding relativefixed total number of grid points. In comparison to the origi-

increase of the length of the vectoy, e.g., is nal grid the increase of grid points using an optimal oriented
™ grid can be from a few percent to greater than 100 percent
a= m for elongated objects.
1

The resulting vectors of the expanded bounding bdXes 5. Use of optimum oriented bounding boxes for
b5, andbj are obtained from a scaling of the original bound- DVH computation using stratified sampling

ing box vectors We use optimum oriented bounding boxes for the calcu-

b;=(1+2a)b,, lation of DVHs. In our anatomy based optimization algo-

rithm the optimization is based on the conformity index
by=(1+2p)b,, (COIN) derived from the DVHs of the body and the PTWA
bi=(1+2 conventional method calculating the DVH for the body using
3 y)bs.

uniform distributed sampling points would require a very
The new originby,, of the expanded bounding box, see Fig. large number of sampling points if a sufficiently large part of
5, is then tissue surrounding the PTV has to be considered.

We, therefore, developed a method which is partly based
on the stratified sampling technique in Monte Carlo integra-
tion in which the region of interest is divided in regions
(strata with different but uniform sampling point density.
béng =Dorig, — aby,— b, — Yba,. These strata are the PTV and two expanded optimal oriented

z ‘ bounding boxes of the PTV or an expanded bounding box
and a sphere, which defines the body. These are used to
define regions of very high, high and low dose gradients. The

Optimal oriented bounding boxes can be used to improveise of oriented bounding boxes increases the efficiency of
the performance and accuracy of the FFT based method fahis method as they cover more efficiently the PTV and the
the computation of the dose distribution as described bywurrounding tissue.

Boyer etal® Usually the FFT method uses a three- As aresult we show the accuracy of the DVH of the body
dimensional grid which is oriented with respect to the coor-for a rib implant with 10 000 sampling points uniformly dis-
dinate system in use. If the anatomical structure is not oritributed inside the body obtained by a conventional method
ented to this structure then the number of grid points insideompared to a very high statistics DVH obtained with

!

orig, borigx_ aby— Bboy— ybsy,

b(/)rigy: borigy_ ably_ Bbe_ 7b3y )

4. Optimal oriented dose calculation grid
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dN/dA

dN/dA

(b) A[mm]

Fic. 7. Distribution of the shiftA of the source dwell positions from their
original positions to the closest situated grid point usiagthe original
16x16x32 grid and(b) the optimal oriented 1832x16 dose calculation
grid for a rib implant, see Fig. 6.

include the tightness factor for the original and the optimized
bounding box obtained by our method. This factor is defined
as the ratio of the bounding box volume to the volume of the
object it encloses.
Since the actual minimum bounding box volume for the
implants is not known we used a test set of points with a
(o) known minimum bounding box. The test cases are generated
o _ _ _ _ ~using a point on each corner of a bounding box, and include
Fic. 6. (3) Original and(b) optimal oriented dose calculation grid for a rib 4 y/ariaple number of additional points inside this box. The
implant, produced inside the original and optimal oriented bounding boxes, . . . .
respectively. The number of sampling points in both cases is the same. coordinates are transformed using a random rotation matrix
which simulates a random orientation of the bounding box.
The optimization algorithm is then applied with the trans-
3000000 sampling points, see FigaB The corresponding formed coordinates. The result of the optimization is shown
accuracy as a function of total 10000 sampling points disin Table I. We used bounding boxes with sides 1/1/1, 1/1/2,
tributed in the strata is shown in Fig(8. The accuracy of 1/1/5, and 1/1/10, which cover a range of dimensions of
the stratified sampling method is significantly higher even apbjects typically found in brachytherapy clinical practice.
high dose values.

IV. RESULTS

. MATERIAL Table | shows the volume of the bounding box for objects
We first compared all the covariance matrix based variin 10 implants. The volume of the bounding box obtained by
ants with our search based method. This is to determingarious covariance matrix methods are compared with the
whether the former gives sufficiently good results. The ma+esult of our orientation search based method including the
terial used in this study include 10 actual clinical implantsvolume of the original bounding box. If the objects are not
which represent a typical range of PTVs from 20 to 50F cm aligned with the coordinate system in use then the bounding
which are encountered in clinical practice. We compare thdox volume from the covariance method results in an im-
original bounding box volume with the bounding box vol- proved bounding volume, otherwise the result can be signifi-
ume obtained from the three variants of the covariance maeantly worse than the original bounding volume. This shows
trix method and with our search based algorithm. We alsdhat the covariance matrix based method is of limited prac-
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Fic. 9. Calculation time averaged over 1000 random oriented sets of points
for our optimal oriented bounding box algorithm which is a function of the
number of points with the standard deviation for a box having a ratio of
sides 1/2/5. For 500 and 2000 points the average calculation time for a box
with sides 1/1/10 is included.

box. This time is averaged over 1000 runs for the most elon-
gated box with sides 1/1/10 as a function of the number of
points which define the box. Linear dependence is observed
in Fig. 9. These results have been obtained using a 400 MHz
Intel Pentium Il system with Windows 98. Tests have shown
that the time is approximately independent on the shape of
the box.

The accuracy of our method has been tested with boxes of

tional and(b) the stratified sampling method. The volume of the Body which KNOwn sizes with a ratio of sides from 1/1/1, 1/1/2, 1/1/5 to

surrounds and includes the PTV is 4400%m

1/1/10. We consider the true bounding box volume of the
object Vpin, the volumeV,, which is obtained from our
search method an¥, the bounding box volume in the

tical use. Our orientation search method always resulted in world coordinate system after a random rotation has been
better solution. For the PTV and critical structures the averapplied to all points of the set. In Fig. 10 we have compared

age tightness factor was improved from 4.4 to 2.6.

the distribution of the optimized bounding box volume to the

Figure 9 shows the time which is required for the algo-true volume with the nonoptimized ratio from the arbitrary
rithm to produce the resulting optimum oriented boundingoriented boxes as obtained from 1000 runs.

TasLE I. Volume results of different minimum bounding box approximation methogdsV,, V3, andV,, used in this study. The tightness factor is defined

in the text.
Original Optimized
Object Vorig V, V, Vs Vopt Vobj tightness  tightness
No. Implant Description  cn?® cn® cn?® o cn? cnt® factorT,  factorT, T,/T,
1 Head & Neck PTV 402.07 440.15 447.99 447.26 381.30 152.22 2.64 2.50 1.05
2 Myelon 98.57 36.52 35.57 33.99 32.99 13.85 7.12 2.38 2.99
3 Breast PTV 278.47 350.66 362.55 347.26 228.40 121.91 2.28 1.87 1.22
4 Prostate PTV 120.83 151.21 157.99 157.83 119.30 62.20 1.94 1.91 1.01
5 Urethra 4.41 2.46 2.43 2.42 2.38 0.59 7.47 4.03 1.85
6 Rectum 77.62 122.20 124.99 99.59 72.16 31.43 2.47 2.30 1.08
7 Cervix PTV 1001.70 1090.54 1140.49 1037.73 915.78 291.00 3.44 3.15 1.09
8 Breast PTV 59.62 54.28 54.45 53.02 49.69 18.41 3.24 2.70 1.20
9 Prostate PTV 47.51 54.35 55.37 56.72 44,92 20.79 2.29 2.16 1.06
10 Urethra 4.38 1.55 1.67 1.60 1.47 0.28 15.64 5.25 2.98
11 Rectum 137.73 168.17 170.82 164.79 132.27 46.77 2.94 2.83 1.04
12 Rib PTV 2410.85 1554.40 1733.64 1505.84 1338.50 504.04 4.78 2.66 1.80
13 Left kidney 643.01 662.95 663.79 670.23 595.86 236.60 2.72 2.52 1.08
14 Breast PTV 266.44 279.52 281.16 286.72 247.14 123.11 2.16 2.01 1.08
15 Head & Neck PTV 49.06 47.30 47.57 49.11 39.55 17.72 2.77 2.23 1.24
16 Prostate PTV 43.86 53.20 59.24 56.14 43.86 21.63 2.03 2.03 1
17 Urethra 5.94 1.68 1.66 1.76 1.46 0.54 11.0 2.70 4.07
18 Rectum 54.93 66.23 68.59 74.30 53.62 23.08 2.38 2.32 1.02
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In Table Il the average values of these ratios and theluces results close to the true minimum. The time is propor-
maximum value observed for the optimized and the arbitraryional to the number of points which define the minimum
oriented box is given. bounding box.

The minimum bounding box algorithm has several appli-
cations in the field of brachytherapy treatment planning. The
V. CONCLUSIONS calculation of bounding boxes for catheters, the PTV and

A method for the search of a optimal direction has beerother anatomical structures requires only 2 to 3 seconds on
introduced and its application for the bounding box optimi-the average which is much less than the time saved by a
zation of a set of points has been presented. The covarianeeore efficient volume and DVHs calculation. Our results
matrix based methods have been shown to fail to producpresent some of the benefits of the use of minimum bounding
good solutions for most cases. Our search based method prbexes in brachytherapy.
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TasLE Il. Comparison of volume ratios for the optimized and nonoptimized oriented bounding boxes to the true
volumes of the boxes.

) ) Nonoptimized bounding box Optimized bounding box
Ratio of box sides

Lx /Ly /Lz MeanNorig /Vmin) MaX(Vorig /Vmin) Meanwoptlvmin) Max(voptlvmin)

1/1/1 2.78-0.98 4.61 1.0%0.09 2.00

1/1/2 3.15-1.21 5.48 1.030.12 2.00

1/1/5 5.69-3.00 12.25 1.080.22 2.65

1/1/10 12.32:8.24 31.82 1.230.35 4.09
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whereF' is the area of théth triangle.

APPENDIX A CALCULATION OF THE The covariance matri of a surfaceF is given by

COVARIANCE MATRIX OF A TRIANGULATED Te(r—c)(r—c)Tp(r)dF
SURFACE C= Top()dF ' (Ad)

_ The center of gravity of a 3D triangulated surfac@ is  \yherer is a point lying on the surface andr) is the surface
given by density which we assume to be constant. The contribution of
ro(r)dF theith triangle to the covariance matrX’ is given by

Jerp(r) (A1)
C=——"—"7", Al . .
Jep(r)dF s ri(s, )=o) (r(s,t)—c)Tdsdt

C'= (A5)

wherer is a point lying on the triangulated surface au(d) [5o ‘dsdt ’
is the surface density which we assume to be constant. Given o ) ) )
theith triangle with vertices/, , v, vk the center of gravity whezre the point is expressed using barycentric coordinates

of theith trianglec’ is St _ _ _
After the integration of Eq(A5) we obtain Eq.(A6).

c'= (V) +Vh+V5)/3. (A2) s s
The contributions of each triangle to the center of the trian- C‘aﬁzﬂ{ > 2 (Vja—Ca)(Vig—Cp)
gulated surface is proportional to its area. Therefore, the cen- j=1 k=1

ter of gravityc of the triangulated surface is given by
. (AB)

3
+k§l (Vka™ Ca) (Vg Cp)

The covariance matri of the triangulated surface is given
by

N N
c=_21 Fici/ 21 F (A7)

APPENDIX B: TRANSFORMATION MATRIX FOR A
ROTATION AROUND AN ARBITRARY THREE-
DIMENSIONAL VECTOR

uxw In Plane L u Given an axisi= (uy,U,,us3) then a rotation of a vectav
w around this axis by an angtecan be described by the trans-
formation matrixR, see Fig. 1(a)

R=u®u+(1-u®u)cosa+Psing, (B1

where ® denotes the tensor product. Hg1) is equivalent
with Eg. (3), with matrix elements

!

w'
(b) cosa Rij:Uin+(5ij_Uin)Cosa+Sin0[§: Gijkuk. (BZ)
k

Fic. 11. (a) Rotation of a vectow around an arbitrary axis by an anglex. . . .
(b) components oiv in the plane which is perpendicular to the rotation axis Pis a skew symmetric matrix formed by the elementsipf

u after the rotation. called the dual tar matrix.
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0 —Uuz Uy
P=| Us 0 —ug, (B3)
—U, Uy 0
Pij=§k: €ijk Uy (B4)

d;j is the Kronecker delta symbol arg the anti-symmetric
permutation tensor.

1 if (ijk) is an even permutation

ex=y —1 if (ijk) is an odd permutation

0 else

The anglea and the rotation axia can be obtained from the
trace ofR and its transposed matrR" using the Eqs(B5)
and(B6).

coq @)= 3[tracd R)— 1], (B5)
2 sif@)P=R—R". (B6)

Figure 11b) shows the derivation of EdB1). We consider
the components ol parallel and perpendicular tg w;, and
wr, respectively. The terrm®u=uu’ describes the projec-
tion w; of w ontou which remains unchanged after a rotation
aroundu. (1—uu") describes the projection af onto the
plane on whichu is perpendicular an® describes a projec-
tion of w onto the plane whera’s is normal. This operation
is followed by an additional rotation by an angté2.

Given a transformation matriR we can determine the
corresponding rotation axial from P using Eq. (B6),

2342

diag2ui—1,203— 1,203 1). (B7)
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